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DIRECT CYCLIC ALGORITHM 
The algorithm to obtain a stabilized cycle is described in 

detail in the following references [1, 9, 10, and 11]. The basis 
of the direct cyclic method is to construct a displacement 
solution that describes the response of the structure at all times 
t in a load cycle with period T. We use a truncated Fourier 
series for this purpose, 

∑
=

++=
⎟⎟
⎟

⎠

⎞

⎜⎜
⎜

⎝

⎛n

k T
tkc

ku
T
tks

kuutu
1

)2cos()2sin(0)( ππ
 

where n represents number of Fourier terms,  u0, uk
s and uk

c  
are unknown displacement coefficients. We also expand the 
residual vector into a Fourier series in the same form as the 
displacement solution: 
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For comparison purpose the same model is also analyzed using 
the classical transient analysis. Under cyclic temperature 
loading, it requires 8 repetitive steps before the solution is 
stabilized. For the case where it is subjected to cyclic bending 
loading, it requires 5 repetitive steps before the solution is 
stabilized. 
 

  
Figure 2. Temperature cycle. 

RESULTS AND DISCUSSIONS 
One of the considerations in the design of the BGA 

assembly is the stress distribution and deformation in the solder 
joint so that solder fatigue life can be predicted. It is found that 
maximum occurs in the “toe” area closest to the corner of the 
BGA assembly. Fig.3 shows the shear stress distributions 
obtained from the direct cyclic analysis and the classical 
approach. A comparison of the creep energy dissipation 
obtained in a direct cyclic analysis with that obtained in a 
transient approach is shown in Fig.4. A similar comparison of 
the inelastic energy dissipation obtained using both approaches 
is shown in Fig.5.  A comparison of the evolution of the shear 
stress  versus the inelastic strain obtained using both 
approaches is shown in Fig.6 for the case subjected to cyclic 
temperature loading. The shapes of the stress-strain curves and 
the amount of energy dissipated during the stabilized cycle are 
similar. So are the peaks and mean values of the shear stress 
over the stabilized cycle obtained using both approaches. The 
mean values of the inelastic strains over the stabilized cycle 
obtained using the approaches are somewhat different. One 
possible explanation is that when the stabilized cycle is not 
easily found (for example, when the loading is close to causing 
ratcheting), the state around which the stabilized solution is 
obtained may show considerably more/less “drift” than would 
be obtained in a transient analysis. 
 
A similar comparison of the evolution of the stress versus the 
plastic strain obtained using both approaches is shown in Fig.7 
for the case subjected to cyclic bending loading. The shapes of 
the stress-strain curves are again similar. 
 
One advantage of using the direct cyclic method, in which the 
global stiffness matrix is inverted only once, instead of the 
classical approach in ABAQUS is the cost savings achieved. 
The saving will be more significant as the problem size 
increase since the stiffness matrix decomposition will be more 
expensive for larger problem. For the case subjected to cyclic 

temperature loading, it took approximately 80,832 CPU 
seconds to reach a stabilized state for a transient analysis as 
opposed to 16,833 CPU seconds for a direct cyclic analysis, 
leading to a factor 4.8 saving in CPU.  

   
Figure 3. Shear stress distribution obtained using classical 
approach (left) and direct cyclic procedure (right). 

 
Figure 4. Creep energy dissipation obtained using classical 
approach (left) and direct cyclic procedure (right). 
 
For the case subjected to cyclic bending loading, it took 
approximately 10,976 CPU seconds to reach a stabilized state 
for a transient analysis as opposed to 7,308 seconds for a direct 
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